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§ 1 Summary. 
In this note I will pay attention to the stationary velocity of raindrops. It is shown that the 

changing mass of the droplet cannot and will not determine the stationary velocity of the 

droplet. Viscous and form drag are doing the job. 

§ 2 Considerations. 
In his book “Everyday Calculus: Discovering the Hidden Math All around us”, Fernandez 

introduced calculus by describing a day in the life of a university professor with a strong 

interest in calculus. Part of that day was a walk in the rain. Fernandez developed a model for 

a falling raindrop. That is what raindrops usually do: falling. The question is whether or not 

the umbrella will survive the impact of the rain. Will the umbrella be destroyed? Will the 

manufacturer survive? 

§ 3 The Model. 
 

Let us investigate the model for a droplet Fernandez discussed in Chapter 3, Section: “Why 
do we survive rainy days?”. 
A typical raindrop falls from an average height of 4000 m. On its way down it coalesces with 
other droplets. Consequently, mass and size of the droplet increase. Calculus can be of great 
help to find out whether the professor will survive. Fernandez expects large droplets more 
often than small ones. 
The rate of change of the droplet depends on its mass 𝑚. Added mass not included. 
𝑑𝑚

𝑑𝑡 
= 𝑎𝑚.            (1) 

Since 𝑎 is a positive factor with dimension 𝑡−1, where 𝑡 is time, 
𝑑𝑚

𝑑𝑡
> 0. 
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The solution for 𝑚 is, with 𝑚 = 𝑚0 for 𝑡 = 0, 
𝑚 = 𝑚0𝑒𝑎𝑡.            (2) 
Then Fernandez introduces momentum 𝑝 and linked the rate of change of momentum of the 
raindrop to the force 𝐹 due to gravity: 
𝑑𝑝

𝑑𝑡
= 𝐹 ,           (3) 

and 
𝑝 = 𝑚𝑣 ,           (4) 
where 𝑣 is the velocity of the droplet. 
The force of gravity 𝐹 = 𝑚𝑔, 𝑔 being the acceleration of gravity, balances the change of 
momentum 
𝑑𝑝

𝑑𝑡
= 𝑚𝑔.            (5) 

Plugging (5) into (4) we have 

𝑣
𝑑𝑚

𝑑𝑡
+ 𝑚

𝑑𝑣

𝑑𝑡
= 𝑚𝑔.           (6) 

Substitution of (1) into (6) and dividing by 𝑚(𝑚 ≠ 0) 
we have 

𝑎𝑣 +
𝑑𝑣

𝑑𝑡
= 𝑔.            (7) 

             
This type of equation can be found on the internet by doing some research on modelling 
falling raindrops: a nonhomogeneous first order differential equation. 
The solution of this differential equation (7) is, under the condition 𝑣 = 0 for 𝑡 = 0,  

𝑣 =
𝑔

𝑎
(1 − 𝑒−𝑎𝑡).          (8) 

The acceleration is 
𝑑𝑣

𝑑𝑡
= 𝑔𝑒−𝑎𝑡.            (9) 

From equation (8) we learn that the velocity of the droplet remains finite and from (9) the 
acceleration becomes zero for 𝑡 → ∞. 
The stationary or terminal velocity reads 

𝑣 =  
𝑔

𝑎
.            (10) 

Please note that this value for 𝑣 is straightforward derived from (7):  
𝑑𝑣

𝑑𝑡
 is set equal to zero. 

So 𝑣 becomes stationary as it should be for 𝑡 → ∞ : mass 𝑚 of the droplet becomes infinite. 
I will come back to that later.  To paraphrase Feynman: Fernandez found a mathematical 
solution but not a physical one. However, there is some consistency or better solidity, so to 
speak, in the model. The mass becomes infinite, consequently the acceleration becomes 
zero. Caveat, with the mass increasing, the sun comes into play. 

§ 4 Historical Interlude. 
Whether Feynman made such a statement? 

What we know Einstein made such a statement according to Lemaître (Lambert): “Your 

math is correct, but your physics is abominable.” 

In the context of the raindrops I prefer Feynman’s statement. 

You can find Einstein’s statement in various places. Kraus gave the statement too. 

The most probably original statement is given by Lemaître (in French). See 

www.en.wikipedia.org  on George Lemaître. I also expected to find a view words on the 

Einstein statement in the book of Pais. Alas, not so. 

http://www.en.wikipedia.org/
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§ 5 The Model(continued). 
After concluding the terminal velocity remains finite Fernandez made a thought experiment. 

He explained the finite velocity by means of the viscous and form drag on an object. 

I discussed this extensively with Fernandez. One could compare from a mathematical point 

of view the effect of changing mass of the droplet in (6), using (1),: 

 𝑣
𝑑𝑚

𝑑𝑡
= 𝑎𝑚𝑣 

with the effect of viscous drag. For example, Stokes’s flow and 𝑎 in (7) positive.  

However, I did not agree that the change in “mass drag”  𝑎𝑚𝑣 can replace viscous drag. 

Viscous drag must be included in (5). 

The other topic Fernandez paid attention to is the coalescence of droplets. Droplet’s mass 

increases unrestrained. See equation (2). Notwithstanding the finite terminal velocity, the 

momentum increases unrestrained.  Fernandez writes: “Here again air resistance saves the 

day…….. the droplet ……. breaks up in smaller parts……”. If air resistance saves the day by 

breaking up the droplets, why is air resistance not plugged into equation (5)?  

By letting the droplets shrink again Fernandez makes 𝑎 in (1) negative. 

Now the umbrella manufacturer understands a bit of calculus he will throw away the model 

and starts doing tests with samples of his production line.  

The exercise in calculus is nice, the model however does not describe the physics. How 

would Galilei has solved this problem? Well, standing at the top of the tower of Pisa he 

would have dreamed up an experiment and would have concluded that the mathematical 

model (7) does not model reality. 

One cannot describe an isolated, growing droplet without including other droplets. By taking 

one droplet the system is not well defined. What happens to the other droplets? They lose 

mass. The coefficient 𝑎 becomes negative the velocity of the droplet increases. This smaller 

droplet hits another bigger droplet, and so on and so forth. 

Where Fernandez writes: “Here again air resistance saves the day…….” one can conclude  

that the model given by equation (7) is wrong. And it is. The model violates basic laws of 

physics: conservation of mass and conservation of momentum. The total momentum of all 

the droplets involved in the coalescence and break-up process must be considered (the 

earth included) (Susskind, 2013). Just looking at the droplets, momentum is not conserved. 

That is what might be expected in a gravitational field and using the Lagrangian of the 

system of all the droplets.  

So, we focus on the conservation of mass. 

We could repair the model described by (7),  taking into account the conservation of mass by 

plugging into this equation the shrinking droplet with mass 𝑚 and 𝑎 < 0: 

𝑎𝑣 +
𝑑𝑣

𝑑𝑡
− 𝑎𝑣 +

𝑑𝑣

𝑑𝑡
= 2𝑔.          (11) 

Et voilà  
𝑑𝑣

𝑑𝑡
= 𝑔.            (12) 

A well-known equation, not violating the basic laws. Even so, not very realistic. You see at 

once that viscous drag must be included to describe a realistic situation, i.e., to reach a 

stationary situation. 
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Let me illustrate this with two droplets at 𝑡 = 0 and mass 𝑚0 

The equation of motion is: 

𝑚0
𝑑𝑣

𝑑𝑡
+ 𝐷0 + 𝑚0

𝑑𝑣

𝑑𝑡
+ 𝐷0 = 𝑚0𝑔 + 𝑚0𝑔,       (13) 

𝐷0 is the viscous and form drag of the droplet. 

At a certain moment 𝑡1 say, the two droplets coalesce and the conservation of mass gives: 

2𝑚0
𝑑𝑣

𝑑𝑡
+ 𝐷1 = 2𝑚0𝑔,         (14) 

where 𝐷1 not necessarily equals 2𝐷0. For example, with a spherical droplet the radius of the 

merged droplet with a mass 2𝑚0 is larger by a factor 2
1

3⁄  than the radius of the droplet with 

mass 𝑚0. 

Will this merged droplet break up? I do not know. If not, well, include a third droplet, etc. 

Does the droplet break up, the velocity will change again? Sort of dancing droplets in the 

rain. 

The model described by equation (13) and (14) can be formulated in a more elegant way by 

using the Heaviside step function and its derivative the Dirac delta function. 

The Heaviside function 𝐻, a step function(Stewart, 2003), defined as: 

𝐻(𝑡) = 0, 𝑡 < 0 ; 𝐻(𝑡) = 1, 𝑡 ≥ 0,        (15) 

and its derivative, the Dirac delta function(Dirac), 𝛿(𝑡), 

with 

∫ 𝛿(𝑡)𝑑𝑡 = 1
∞

−∞
 and 𝛿(𝑡) = 0 for 𝑡 ≠ 0.       (16) 

Now we develop the two-droplet model with help of the Heaviside step function. We 

presume the droplets to coalesce at 𝑡 = 𝑡0. Consequently, 

 𝐻(𝑡) → 𝐻(𝑡 − 𝑡0). 

The equation of motion is: 

𝑑

𝑑𝑡
{𝑚0(1 + 𝐻(𝑡 − 𝑡0) + 𝑚0(1 − 𝐻(𝑡 − 𝑡0)}𝑣 + 2𝐷0(1 − 𝐻(𝑡 − 𝑡0)) + 𝐷1𝐻(𝑡 − 𝑡0) =     

 = 2𝑚0𝑔.              (17) 

I kept the two step functions here to underscore 𝑡 < 𝑡0 and 𝑡 ≥ 𝑡0. 

After differentiation we obtain 

𝑚0(1 + 𝐻(𝑡 − 𝑡0))
𝑑𝑣

𝑑𝑡
+ 𝑚0(1 − 𝐻(𝑡 − 𝑡0))

𝑑𝑣

𝑑𝑡
+ 𝑚0𝑣𝛿(𝑡 − 𝑡0) − 𝑚0𝑣𝛿(𝑡 − 𝑡0) + 

 +2𝐷0(1 − 𝐻(𝑡 − 𝑡0)) + 𝐷1𝐻(𝑡 − 𝑡0) = 2𝑚0𝑔.      (18) 

 

Again the contribution due to the change in mass 

 𝑚0{𝛿(𝑡 − 𝑡0) − 𝛿(𝑡 − 𝑡0}𝑡  
cancels out as it should be. 

§ 6 Conclusions. 
To conclude, I give an estimate for the Reynolds number 𝑅𝑒 for a droplet with a diameter  

𝑑 = 𝑂(10−3)𝑚, a stationary velocity of 𝑂(1) 𝑚
𝑠𝑒𝑐⁄ , a density of the air of 𝑂(1) 𝑘𝑔

𝑚3⁄  and 

a kinematic viscosity of 𝑂(10−5) 𝑚2

𝑠𝑒𝑐⁄ .  

The Reynolds number  𝑅𝑒 = 𝑂(100); no Stokes flow. 

The drag coefficient 𝐶𝐷 = 𝑂(1) for a smooth sphere(Kundu and Cohen, 2008). 
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Let us plug in some additional numbers: 

According to Fernandez 𝑎 ≅ 2.3 𝑡−1, 𝑔 = 10
𝑚

𝑠𝑒𝑐2 and the time for the drop to hit the earth 

starting at 4000 𝑚(13,000 𝑓𝑡) is about 4000 𝑠𝑒𝑐.  

For the mass we find, equation (2), with mass 𝑚0 =
4

3
𝜋(

𝑑

2
)3  𝑚 = 𝑂(10−6𝑒10,000). Any idea 

about the weight? Well, in the model of Fernandez the earth itself must be included, even 

the universe. Into each life some rain must fall, but this is too much. What saves the day? 

Before the universe is destroyed the earth atmosphere is depleted of rain. 

The model for a falling raindrop based on changing mass of the droplet is wrong. This is 

grown out of the neglect of the conservation of mass. Viscous and form drag are what you 

need for the stationary velocity. This conclusion is not new. 

For a concise reading on viscous and form drag, and references see: Wikipedia Drag (Physics) 

November 2013. 

You want to study a falling droplet? Take care how you define the boundaries of your system 

in order not to violate basic laws of physics. 

You want to include the coalescence of droplets? Define, I repeat, the boundaries of your 

system carefully. Include the droplets involved in the coalescence process lest to violate the 

basis laws of physics. 

You think you need viscous and form drag to explain the behavior of droplets? Plug viscous 

and form drag in your system in order not to, well, destroy your umbrella. 
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